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1. Introduction and physical context

The interaction of an intense laser pulse with a plasma is a complex physical phenomenon. Numerical simulation plays a
key role in its understanding. One of the main goal is to simulate nuclear fusion by inertial confinement in a laboratory. We
therefore need some accurate and reliable numerical models of laser-plasma interactions. Vlasov or particle-in-cell (PIC)
simulations have been used for a complete description of the problem. However, these kinetic simulations have difficulties
in studying weak instabilities and long time behaviors because they need to resolve very small spatial and temporal scales.
For the same reasons, it is not possible to use Euler-Maxwell equations.

Recently, Colin and Colin [5], starting from [14], derived a complete set of quasi-linear Zakharov equations describing the
interactions between the laser fields, the stimulated Raman processes, the electronic plasma waves and the low-frequency
variations of density of the ions. The system involves four Schrodinger equations coupled by quasi-linear terms and a wave
equation and describes a three-waves interaction. Physically, the lasers interacts with the plasma, part of it backscattered
through a Raman-type process to create an electron plasma wave. These three-waves interact in order to create a low-fre-
quency variation of density which has itself an influence on the three preceding waves. However, this model that is obtained
starting from the fluid equations does not take into account the kinetic effects such the Landau damping effect which is a
wave-particle process which occurs in under-dense plasma. The Landau damping process is especially important in the con-
text of fusion by inertial confinement by lasers because electrons are accelerated to high energy and this induces a preheat of
the fusion fuel and reduces the target gain. This wave-particle process corresponds to a resonant effect between the electrons
of the plasma and the plasma electronic waves. This effect implies an exchange of energy between electrons and the plasma
waves. As a result, the plasma waves are damped.
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Of course many description of the Landau damping phenomenon exists in the literature starting at the kinetic level (see
Glassey-Schaeffer [11], Degond [8] for example). Here we do not try to obtain such precise models. The aim of this paper is to
propose a numerical model for the coupling of Landau damping and Raman amplification. The main points of this work are:
(i) we introduce a new model which is a generalization of [14,17] and that allows us to recover the main feature of both
processes without using kinetic models. (ii) We provide an accurate scheme with suitable stability properties.

In order to obtain a system describing this wave-particle process we complete the system used in [5] by using the model
derived in [2]. The aim of this paper is to perform mathematically and numerically the coupling of these models that de-
scribes the interaction of the variation of the density of ions with the slowly varying envelope of the plasma electronic
waves, the spatial mean value of the distribution function of the electrons, the laser field and the Raman component. We
want to achieve two goals. The first one is to investigate what is the influence of the Landau damping process on the satu-
ration of the Raman amplification. The second question we want to address is the influence of the Raman instability on the
model [2] in terms of the number of accelerated electrons.

For that study, we use the scheme introduced in [5], a time-splitting discretization for the Landau damping term and a
implicit finite difference scheme for the distribution function of the electrons. The main difficulties are the following:

(i) First we have to couple the equations of the Raman model of [5] with those of the Landau model of [2]. This is done
numerically by using a splitting strategy in Section 3.1. The Landau damping model consist in two partial differential
equations, one is posed in the physical space, the other one in Fourier space. The Fourier transform of some field occurs
explicitly in the partial differential equations. The coupling of such models in the context of boundary value is not
obvious especially because of the electronic plasma waves hat have to be considered in a periodic framework in
the model [2].

(ii) The second difficulty is the three-waves interaction condition. Indeed, it is shown in [5] that the Raman system that is
obtained relies on an interaction condition. In our context, this condition means that the couple (k;, ®;) involved in
the system is such that ei1*-®19 js an exact solution to a linear Schrodinger equation. It is a phase matching condition.
After discretization, one obtains a numerical phase matching condition that is different from that of the continuous
case. In order to handle this difficulty, we define and use w14, the frequency given by the numerical dispersion relation.
This is done in Section 3.2.

(iii) The third difficulty is linked to the spatial box. For physical considerations, we cannot use periodic boundary condi-
tions since we want that once a pulse (the laser part or the Raman part) hits the boundary, it does not interact any-
more with the remaining part of the system. We therefore introduce some kind of absorbing boundary conditions. It is
the object of Section 3.3.

The outline of the paper is the following one. Section 2 is devoted to a complete presentation of the model and we intro-
duced a dimensionless form. In Section 3, in order to solve the problem, we introduce an effective numerical scheme and
show some of its stability properties. In Section 4, we deal with the boundary conditions Finally, in the last section, we will
provide some numerical results in order first to validate our methods and then to study the coupling between Raman ampli-
fication and Landau damping process and to compare the results with previous models.

2. The model and its properties
2.1. The equations and their non-dimensional form

In this section, we introduce the one-dimensional system describing the Raman amplification and the Landau damping
process. We consider here an homogeneous plasma where collisions between the particles (electrons and ions) and the grav-
itational field are neglected. We want to describe the interaction of a laser field with this plasma and the physical phenom-
enon quoted previously. In the one-dimensional (y,v) phase space, we use the following model (see [5]):

(zm0 +k aon> 2‘; (1 ";‘:) Ao 2::)%) - onAg — 2me (a E)Age~itay-ent), (2.1)
< Ar +’ ayAR> 222) (1 - ";—2> g = 2:12%1) onAg - %M(ayE*)Aoe"“‘ﬂ”“”), (2.2)
iQE+ v+ E)+ ;Z;ZZ 2 = (2""" onE + 2‘3‘2""‘3  (AnAgeltay-10) (2.3)
(0F — c2ey)on :4#62 <|E| +—22 (Aol + Ak )) (2:4)
WE ) = 2’;‘]"’7& ok (12°). 25)
OFe = 0u(D(v, )3,F.), D(v, £) — mZM (“’Pe , t)‘z. (2.6)
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Here Ay is the envelope of the vector potential of the incident electromagnetic laser field, Ag is the envelope of the vector
potential of Raman backscattered light, E is the slowly varying amplitude of the high-frequency electronic plasma waves,
én the low-frequency variation of the density of the ions, F, the spatially averaged electron distribution function, ¥ the spatial
fourier transform of v corresponding to the Landau damping rate and u* is the complex conjugate of u. In this work we con-
sider that the laser propagates in the positive y-direction and we stay in the one-dimensional framework.

This system involves three Schrédinger equations coupled by quasi-linear terms and the low-frequency fluctuation of
density given by the wave equation (2.4). The electron distribution function satisfies a heat equation where the diffusion
coefficient D(v,t) depends on the density spectral energy of electron plasma waves. Concerning the wave-particle process,
the model is valid for bounded velocities that are also bounded away from zero (see [7]). Equation (2.6) is therefore satisfied
on a bounded domain Q, of the form [—A, a] U [a, A]. Note that the term V is a priori not defined on the whole line; we extend it
by zero. The constants are defined by:

c is the speed of light in the vacuum, e is the elementary electric charge,

m, and m; are, respectively the electron’s and ion’s mass,

np is the mean background density of the plasma,

T, is the electronic temperature,

pe, Vene and ¢ are, respectively the electronic plasma pulsation, the thermal velocity of electrons and the acoustic velocity
of ions given by

o — 4me2ny v — T. o T.
pe — m, ) the = me-, s — miv

e o, Wg, Wy + 1 are, respectively the laser pump frequency, the Raman component frequency and the electronic plasma
wave frequency,

e ko, kg, k1, are, respectively the laser pump wave number, the Raman component wave number and the electronic plasma
wave number.

From the practical point of view, one starts with a non-zero value for the laser field Ay and only noise for Az and E. A
growth of Ag and E can occur only if the exponential term eik1y-®10 js resonant with the linear part of Eq. (2.3). That means
that (wpe + w1, k1) has to satisfy the dispersion relation of the electronic plasma waves. This resonance condition (called
three-waves resonance condition) means that (wo, g, 1) and (ko, kg, k1) have to satisfy

g = WR + Wpe + W1, (2.7)
ko = kR + k]. (28)

Here (ko, o), (kr, cwr) correspond to electromagnetic waves while (k;, wpe + 1), corresponds to electronic plasma waves
and the dispersion relations are therefore

2

w§ = 7, + kg, (2.9)
2 2 4 22

W = W, + Ckg,

2 2
(Wpe +1)" = wlzze + 3V Ky

2 12
Note that, the last relation can be written approximatively w; ~ 3;’;7);’:‘.
The full electric field can then be recovered as follows:

Ef(t, X) _ i%AOei(koy—wgt) 4 i%ARei(kRy—mRt) + Ee—iwpe[ +c.c.
0

where c.c. denotes the complex conjugate.

With this model, we can recover the model used in [5] by taking v = 0 in (2.3) to obtain system (2.1)-(2.4) which was
derived from a bi-fluid Euler-Maxwell system. We can also recover the system used in [2] by fixing the potentials Az and
Ao to obtain system (2.3)-(2.6) where in (2.3), we have a fixed source term given by 9, (AzAeik1y-©10)),

2.2. Dimensionless system
We now introduce a dimensionless form of (2.1)-(2.6).

We use T = ng as time scale and L = % as space scale and introduce
e e

Ao =——Ay, Ag=——A

0 M2 0 R moc R»
~ e ~ 1 .
E= E, v=—V

mevthewpe COpe
~ Ik ~ W o~ v
ki = ko 1=——, V=—,
0 Wo Vthe

— v —
Fo=-"F, on=—odn
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Omitting the tildes, we get the following system for Ao, Ag, E, on:

i(0Ao + VodyAo) + 000, A0 = BodnAg — 7o (dyE)Age 1*1¥=10), (2.12)
i(0cAg + VROyAR) + 0RO} AR = BronAg — Yg(OyE")Age!t1-10) (2.13)
i< ; E) + 0 O2E = PponE + 50y (AzAoet1Y=10), (2.14)
(af - vfaj)an — 5,02EP + 6182 (JAof + IAR). (2.15)
where

kf)c2 kgkoc? csko
Vo = - R=—", = ——

wj WoWR Wo

2 2
@5, b = koa)pe
2027 0 2kpe}’

21,2 21,2 wZ ka
=T <1‘C—k">7 PRRC S

1
o = EV0(1 —Vo), fo=

2WrWg C()% 2MoWr 2kDeCO()COR ’
2
 3kgwpe b — Dpe c2kokpe
= e = E =
2](%2600 ’ 2(/UO ’ 2w0wpe ’
2.2
5 — koc? me 5, = Vene 5.
1=—5 —, 02=-3
Wi m; c

In these expression, kp.=-- where /p. denotes the Debye length given by /p, = (Vof’;i
For the Landau dampmg part, one gets

. k2 kp
W(t, &) = ———De 6\,Fe<v: ) 2.16
(t,¢) 22l Kol (2.16)
(e =pat)|
0

In order to study the quasi-linear diffusion equation (2.17), it is more convenient to use the variable ¢ = :jﬂiv Then denoting

_ kDe
H(t, &) = Fe (t@)

the distribution function, (2.17) becomes

2
kDe wpe

0Fe = 8(D(v. D)3.Fe), D(v.£) = 57 i

(2.17)

ocH — n&o:(|¢P|E(t, &)Pa:H) = 0, (2.18)
where 1 = ;’js;(’;g and is satisfied on the domain Q = [—&ax, —Emin] U [Emin, €max)- The Landau damping rate then reads

366 = s 2 B och o) 219
0

2.3. Some basic properties

One first have an energy conservation given by

Proposition 2.1. For any regular solution of (2.12)-(2.17), one has
d 20 . ~
i | (o ol e o B Jay 22 [ e BP0 =0, (220)
E

Proof. Multiply (2.12) by 2A; (2.13), by -1 A (2.14), by L E*, integrating over R, summing the results, taking the imaginary
part, using the Plancherel fuormula for the Landau dampmg term and denoting by 0 = k;x — wt, give

1ds Dpe [ o0 o\ Bi2ip 215
ja/ < Ao|® +o IAR\ +o \E| )dy+w0y5' (L, OIE|°(¢, &)d¢
=3 / (*ZGyEARAge*’ — OyE" AAoe! + 0y (ArAve™E")dy,

=3 / (20,E"AzAve” — ,E ArAge” — AiAgd,E'e’)dy = 0. O
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Moreover, one has some maximum principle on (2.17) that shows that the convolution term in (2.14) is indeed a damping
term. More precisely, we recall the following result imported from [2]:

Proposition 2.2. If ¥(0,¢) > 0 for all &, then one have
V(t, &) = sgn(&)o:H(t, &) = 0,
forall e Rand t > 0.

Remark 2.1. If the initial distribution function of the electrons is a Maxwellian then one has ¥(0,¢) > 0. Proposition (2.1)
expresses the decay of the electromagnetic energy due to the Landau damping process between the electron plasma waves
and the electrons.

3. Numerical approximation

In this section, we present an numerical scheme for system (2.12)-(2.17) endowed with the following initial conditions

Ao(0,y) =An(¥), Ar(0,¥) =Aro(¥), E(0,y) =Eo(y), (3.1)
on(0,y) = ono(y), 0ron(0,y) = oni(y), H(0,&) = Ho(&). (3:2)

We work on the spatial domain [0, L] and we use a regular mesh in space. The spatial mesh size is 5y = L/N for N = 2M being
an even number, the time step being 6t > 0 and let the grid points and the time step be

y;=joy, te=két, j=0,1,....N, k=0,1,2...

with y, = 0 and y, = L. Since we use the fast Fourier transform in order to compute E, the mesh in the y variable induces a

mesh for ¢ variable. We therefore define (g“j = % N0t the frequency mesh. It is therefore natural to take &, = &
j=—N/2...,0...N/2—

a}nd Emax = w Furthermore, l(.et Asj. A’,éj, Ef, on¥, and \7]" be thAe approximations of Ag(ty,%;), Ag(te, X)), E(ti, %), on(ti. x)),

V(t, &). Then, in order to be consistent with the evaluation of V(ty, &) = sgn(&;)0:H(t, &) by a centered finite difference

27(j+1/2
L

scheme, we approximate H on the grid (g’j‘%) defined by = ). The relationship between EJ’.‘ and its discrete Fourier

coefficient EF is
M-1 o~
Ef =Y Efet, forj=1,---N, (3.3)
I=—M

The numerical scheme used in [14] for the wave part of our model is a pseudo-spectral discretization. The authors ob-
served some aliasing errors due to the nonlinear and quasi-linear terms and they were obliged to truncate the Fourier trans-
form of the different fields. In [6], a fractional-step, Crank-Nicolson-type scheme with relaxation directly inspired by that of
Besse for NLS (see [4]) is proposed for the quasi-linear system. For the acoustic part, they used an energy-preserving finite
difference scheme introduced by Glassey (see [10]).

We present our scheme in three parts. In the first part, we give the scheme in itself in the case of periodic boundary con-
dition (Section 3.1). In the second part, we present some stability result (Section 3.2). In the third part, we deal with the
three-waves resonance conditions and we explain how we overcome this difficulty (Section 3.3). In the fourth part, we ex-
plain how one can construct some kind of transparent boundary conditions for our problem (Section 4).

3.1. The numerical scheme

The Landau damping rate in equation (2.14) is given by the diffusion equation (2.18) in Fourier space while the Zakharov
part (2.12)-(2.15) is posed in the physical space. Therefore we have to use a spectral method to evaluate this convolution
operator. In the other hand we cannot use a spectral method for the linear part of (2.12) and (2.13) since we deal with trans-
port operators. To overcome this difficulty, we introduce a splitting technique on the Landau damping process in order to
separate the Raman amplification process and the Landau damping. Therefore, as we will see in numerical applications, since
the group velocity of the electronic plasma waves is closed to zero, this allows us to use a spectral method (periodic bound-
ary conditions for E) to solve the Landau damping part. Finally, for the Raman amplification, we use the numerical scheme
introduced in [6]. We now describe more precisely the different step of our method. If at time t*, we know Agj, A,lgj, EJ’-‘, 5nj’.‘, H]‘;
and ¥, we construct Ag;', Ay, EF, o, Hj"jlzl and 7¥*1 in three steps.

In a first step, we use a scheme for the quasi-linear diffusion equation. In a second one, we introduce the scheme used in
[6] for (2.12)-(2.15) without the convolution operator describing the Landau process and finally, using a fast Fourier trans-
form, we compute the modification given by the Landau damping rate on the electronic plasma waves.

Step 1: The diffusion. In order to evaluate the approximation of H(ty, éﬁ%). we use an implicit difference scheme for the
diffusion equation:

1
2
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ocH — n&a: (P EP0:H) = 0,¢ € Q = [~ Emax, —Emin] U [Eminy Cman]s
Concerning the boundary conditions for the distribution H, we used the same one that in [3]. At points ¢ = +¢&;, correspond-

ing to the highest discrete velocities v = + ko"fe , in order to simulate electron’s heating due to the diffusion, we use homo-
geneous Neumann boundary conditions (in practice X2 ~ 10). At points & = +¢.x corresponding to the smallest discrete

ko &min
kpe

ko&max’

velocities v = &

the physic established in [14-17] shows that the distribution function does not evolved with time at

these points. Therefore we fixed the distribution H(t, +¢n,4) at its initial value H(0, +¢,,,4) (in practice kOkaDmeax ~ 1). So, we used
the following boundary conditions: vVt > 0

aiH(tv ién‘lin) = 07 (34)

H(t: _émax) = H(O, _émax)’ (35)

H(t: émax) = H(O7 imax)- (36)
The finite difference scheme reads:

1 k+1 k k+1

= (Hjj% - HH%) +n(AH)} ) =0, (3.7)

where (,LXH)j’.‘j%1 is a discretization of —&20,(|¢*|E|*)0:H) in a conservative form at the point i and time t;, 1. We choose A such
that:

22 k+1 k-+1 k+1 k+1
AR — T |k Hig —Hiy  Hig —Hig 38
e L 338)
i1 j j+3 T Gitd il T 51

where ﬁ}’.‘ is an approximation of |§|3\E\2 at time t*. Note that coefficient ¥ in (3.8) is known and equation (3.7) is linear in
H**'. Then, with this scheme, we can evaluate V(&;,t1) on the frequency grid with the following centered finite difference
scheme:

k

HkJrl 1 Hk+] 1
ot e
J

1 sgn(g) L2 (3.9)

Sl ~ S ‘
As shown in [2], one takes

2 22
PO S
J J

‘2
B |‘fj+% + f,%‘

in order to ensure the following conservation relation

1 k+1 1 k Hk+1
Do Hiy =) gy tat) v
J

i i i i

—~ 12
k
Ej‘

(3.10)

which corresponds to the energy exchange between electrons and the electronics plasma waves. One also have a numerical
maximum principle for V. If ¥ satisfies

N N

90(5;‘)207 ]'2*57---75*17
then for all k > 0
N N
ok .
j>0, ]:—j,...,jfl. (3.11)

In order to illustrate how the quasi-linear diffusion works on the solution, we have computed the diffusion equation with a
diffusion coefficient given by a fixed electric field

2
x-L

E(t,x) = e"("1"*‘“1‘>e’(zTi2.

with L = 2000, AL = 50 and k; = 0.45. The initial electron distribution function is assumed to be a Maxwellian,

Feo(v) = \/% exp <— v;)

which gives the following initial condition for the Landau damping rate
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We can remark on Fig. 1 that the electron distribution function is flattened near the phase velocity v = k = 2.22 and since
the Landau damping rate depends on the slope of the electron distribution, we can see that v tends toward zero near E=ky.
We will see in Section 5, what happens when we take into account the time evolution of the diffusion coefficient.

Step 2: The Raman amplification. For the Raman amplification, we introduce a fractional-step, Crank-Nicolson-type
scheme with relaxation introduced by of Besse for NLS equation (see [4]). For the acoustic part, we use the scheme intro-
duced by Glassey (see [10]). This allows us to compute the values A%™", AK'!, 6nk1 of A, Az and &n at time t**1 as well as
an intermediate value E’;j] of E at time k + 1. This value E’;“ will be used as initial datum for the last step of the splitting.
We consider centered discretization for each spatial differential operator. Therefore, 9, is approximated by the centered fi-
nite difference operator Dy:

_ Eiy1 —Eiq
(DoE); = 2y
and o} by D,D_:
Eiyn —2Ei + Eiy

For this first step of the splitting, the scheme reads:

Ak+1 A Ak+1 +Ak 5n"“ +5n" Ak+1 +Ak
St (IVODO + O‘ODJrD )( 0 2 0| = :BO< 2 > 0 2 0

kel | pk k1 k
Yo k(AR AR it Vo ket (DoEy +DoETY g
Z(p 2( 5 >e 21// 2 5 e , (3.12)
A = A AT+ AR bn"“ + ank +A" o (AT AT i
T + (ivgDo + orD, . D_ )(RZR = ﬂR VR(d”H%) % e’ (3.13)
Ek+1 _ Ek <Ek+1 +Ek> ()nk+1 + ()nk Ek+] +Ek N Ak+1 +Ak el
P H# # k+l 0 0 | ,i6"2
i 4+ oD.D - ﬁE< + 9 D0 z) o T2 (3.14)
ot 2 2 2
k+1 _ k k-1 Spk+1 k-1
2N i, (M) < DD (BT + DD (Y + AP (3.15)
for the time step of length ét.
The auxiliary functions ¢ and  are given by
¢k+%+ ¢k—% l//k+% + wk—%
f:DOE", f:A,’; (3.16)

#*"* and y** are prediction, respectively of dyE and Ay at time t*+/2 = (k + 1)6t. Moreover the value #7* and y? are obtained
by explicit integration of the system on one half-time step backward.

0.08 23
007 1
19
0.06 1
0.05 1 i
0.04
J 5
[_{Q') 003 (A
0.02 1
071
0.01
0 03 |
-001 1
0.02 0.1 1 T T T T T T T
=0 T T T T T
19 R o 25 " o 75 024 028 032 03 040 044 048 05 056 060
v

£

Fig. 1. The left plot corresponds to the electron distribution function F,. at different time in function of the velocity v and the right plot corresponds to the
Landau damping rate v at different time in function of the frequency ¢&.
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The discretization of the phase 0% is given by
0k+% = kiy — (j)ltkﬂ/z.

Step 3: The Landau For the last step, we take
= Skilse ot /. N
Ek+1(fj) — Eﬁ;—l (Cj) exp <77 (V]’-H—l + v]")) (317)
The values of Ejfﬂ are recovered by an inverse fast Fourier transform.
3.2. I? stability result

The first stability result concerns the semi-discretization in time of the model. This semi-discretization in time is obtained
by discretization of (2.12)-(2.17) only in time and using the same time-splitting as described before. It is obtained by replac-
ing the discrete operators in space by their counterpart in the previous paragraph. We keep the same notations for the un-
knowns that denotes in this section the semi-discretized version of Ay, Ag, E, v, on.

We are able to prove a stability result for the semi-discrete scheme:

Proposition 3.1. (I? stability) If the initial data v° satisfy @(é) > 0 for all &, then for all k > 0, any solution (AS,Aﬁ,Ek) given by
the semi-discrete scheme satisfies

1 k2 1 k2, 1 k2> /< 1 02 1 02,1 oz)
2— A" +—Ap|” +—|E*|” )dy < 2—1Ap” +—|Ap|” +—|E dy.
[ (b e )y < [ (2o 5 A BT dy

This result is the discrete version of proposition (2.1). Note that the last term in (2.20) (2;% [9(t, O)[EP(t, ¢)dé is non-neg-
ative. Unfortunately, we are not able to obtain the exact counterpart of this term. We are orify able to prove (see lemma 3.1
below) that vk > 0 and therefore we only prove that the step of the splitting devoted to the computation of the Landau
damping decrease the energy and we obtain that the energy of the electromagnetic part is decreasing.

Proof. Using (3.17) and the Parseval formula for X!, we have
2 2 1
/ T‘Agﬂ dy + - /
r Yo Ve Jr

In order to conclude, we need the following version of the maximum principle.

2
Yo

21
_l’__

2
) exp(—ot(V¥(¢) + V1 (¢)))de.
R

(3.18)

k+1 /kﬁ
Al EY

2 1
i1 B 2y — / ‘Agﬂ
Ve R

2 1 k+1
+—|a
VR‘ b

Lemma 3.1. If ¥°(¢) > 0 for all &, then for all k > 0, any solution V¢ of (3.7)-(3.9) satisfy V*(¢) = 0 for all ¢.

Proof. See [2]. Using the lemma 3.1 and again the Parseval formula, one gets

2 2
/E‘Agﬂ‘ +l +1‘Ek+1|2dy</ 2
r Yo TR Ve R

Yo
In order to conclude, we need to prove that

/E‘Ak-ﬂz 1 2 1
Ja ol

4 — Ak+1 +— Ek+1

VR’ : VE‘ #

To this aim, we compute
) Ak+1 +Ak * 1 Ak+l +Ak * 1 Ek+l +Ek *
2 312)| 0 +—/ 3.13) (2R +—/ 3.14) (22— .,
"/O/R( )< 2 TR [R( ) 2 VE [R( ) 2

and take the imaginary part. This yields
1 /(2 2 1,4 2> 1 /(2 21 21 kz)
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26t Je \Vo Tr ‘ ® el 20t Jg \7o Tr Ve £
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dy. (3.19)
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It is clear that [ = —IIl. Moreover

Lkl | ak kil |k *
IV = —Im / (v*) (Aio 2+A0>e“’“%ay (57# 2+E> ~ 1L
R

The result follows. O

Proposition 3.1 holds for the full discretization of the system in a periodic framework. This can be shown by using the fact
that if we assume V(t, ¢) = O for all (¢, ¢), then it is shown in [6] that any solution of (3.12)-(3.14) satisfies

2 1
%WE T

where

=I5

k? 1 k272 2, 1 2, 1 2
JAR], o 1B = ool 4w+ [Eol,

is the I” discrete norm. In our case, we have to include the Landau damping term V(t, &). The key point is that we have used a
time-splitting discretization which allows us to write

e e RE D

T
2 VR

e

3 AISH Ek+1
Yo

2
" .

k+1
Ej

(3.20)

2 Yol T2 YR

By using twice the Parseval formula, the maximum principle (3.11) and (3.17), we obtain that
N il 2 N
+
> ‘Ej <Y
=1 =1

and the result follows.

EI<+1 2
#

3.3. The three wave resonance condition

As noted in the introduction, we expect a growth on Az which corresponds to the decomposition of the laser Ay into a
backscattered electromagnetic wave Az and an electronic plasma waves E. The classical matching conditions for this
three-waves resonance interactions is

ko = kR+k],0)0 = QR + Wpe + W1,
where
2 2 2 2
W = Wpe + ko€, W} = 0, + ke (Wpe + 1) = Wi + 3 ki

As recalled in the introduction and since w; < wp. (see [5]), this last condition implies w; ~ %a)pe(klzlpg)z where Jpe = (Vuf—'; is
the Debye’s length.

This means that (kq, ®1) satisfies the dispersion relation of the linear part of (2.14) and therefore the term AgAoe’*1¥=19 is
resonant with the left-hand-side of (2.14) and E will grow linearly int time. If this relation is not satisfied, E will not grow and
the instability does not take place see [6]. This is true at the discrete level: (k;, @;) has to satisfy the dispersion relation of the
left-hand-side of the numerical scheme (3.14). This discrete dispersion relation reads

2 .. 1 —cos(k1dy)
[} :Earctan<oc,5atT . (3.21)

We will see in the numerical result section that this modification of the dispersion relation is crucial.

4. The boundary conditions

For physical considerations, we use absorbing boundary conditions for Ay and Az and Jn. A lot of work involving trans-
parent boundary conditions are available (see for example Di Menza [9], X. Antoine-C. Besse [1,12] for a review). Here we
take into account the particular physical setting and we use a very simple version of absorbing boundary conditions. In fact,
in order to model a realistic plasma slab, non-periodic boundary conditions in (3.12) and (3.13) are imposed. This condition
will ensure that if the Raman backscattered field, the laser field and the density fluctuation leave the simulation box no
reflection can influence the propagation of the laser field and the growth of the Raman field. It appears physically that it
is very important to impose absorbing boundary conditions for Ay and A and én. In order to explain our choice of boundaries
conditions, we introduce two simple independent (one for the Raman and laser fields and one for the density fluctuation)
models on which one can explain our strategy.



396 R. Belaouar et al./Journal of Computational Physics 228 (2009) 387-405
4.1. Boundary condition for the Schrédinger equation

For the first model, we focus on the equations involving the laser potential and the Raman backscattered potential:
2

i(0:Ao + vodyA0) + 0606 Ay = 20 2 ¢ onAg — If—; —(6 E)Age~ iay=nt) (4.1)
e
wz ko 2
e s _ 1o pe * i(k1y— wlf)
i(0:Ag + VROyAR) + OCRa Ag = T oro OonAg Kow Do (0yE")Aoe! (4.2)

where oy =1vo(1 — vp) and o = z‘iﬁ’R ( € "R) The key point is that in physical applications, | vo | and | v | are close and the
dispersion coefficient aq, oz are closed to zero (cigg ~ 1072). It follows that the linear part of equations (4.1) and (4.2) is a
dispersive perturbation of a linear transport equation (see [5,6]). Therefore we will focus on the following Schrédinger

equation

i(Qu+ou)+eyu=0 0<y<1, (4.3)
u(t,0) =0, (4.4)
u(0,y) = uo(y), (4.5)

where ¢ a small positive parameter that can denote successively o or 0. The goal of this study is to give an effective absorb-
ing boundary condition for (4.3)-(4.5) at point y = 1 (for Ag, one has to make a symmetry with respect to y = 1/2 since
vg < 0). Since we deal with dispersive perturbation of a transport equation, the natural choice is to impose that the solution
satisfies the transport equation at point y =1,

(d +dy)u(t,1) = 0. (4.6)
It is not clear if this boundary condition is an absorbing boundary condition. The following proposition ensure this.

Proposition 4.1. Any solution u of (4.3), (4.4), (4.5) and (4.6) satisfies
d
i / [0yul*dy = —([oyu(t, 0)]* + [o,u(t, 1)) (4.7)

Proof. By multiplying the equation (4.3) by d,u*, integrating in space, taking the real part, and integrating by part the dis-
persive term, we get

Re / ioyuordy & % / 10,ul2dy + eRe(d,u(t, 1) (£, 1)) = 0 (4.8)

since d:u(t,0) = 0. Now using the boundary condition (4.6), and plugging io.u* = —id,u* + safu* in the first term of (4.7), we
get

aRe/ayuazu —idt/wyu\ dy — efo,u(t, 1) = 0. (4.9)
and the result follows since eRefayuaﬁu* =£[o,u(t, 1> - Lloyu(t, 0)]% O

Remark 4.1. Using Poincare’s lemma, proposition 4.1 expresses the fact that with the boundary condition (4.6), the energy
(L*-norm) decreases with time. Therefore, the estimate (4.7) show us that we can define the boundary trace of dyu at points
y=0andy=1.

For the numerical counterpart of this proposition, we use a Crank-Nicolson type scheme for (4.3)-(4.6). With the notations
previously used, the scheme reads

uktl — uk uk+1 + uk
IJT (iDg +€D,D_ )<f> =0, for2<j<N-1. (4.10)
J
We discretize the boundary condition (4.6) by using the following discretization of the linear transport equation
b —uk uk1 4ok
D =0. 4.11
50 T D+ 3 . (4.11)

We have a discrete version of proposition 4.1

Proposition 4.2. Any solution u¥ of (4.10) and (4.11) satisfies

dhe )

2
uk+1 ukﬂ

j+1

N-1 _uk flz—ﬂ12

oy

u]+1

Jj=2
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- ukH Tyl
where #; = 15—,

Proof. The proof of this proposition follows the same line than that of the continuous case and we omit it.

4.2. Boundary condition for the wave equation

We now focus on the wave equation (2.15) describing the evolution of the fluctuation density of the ions

me kX @2, m,
3 5 O |+ 5 vidy (Aol + Arf?), (4.12)

o7 —v2o)on =
( Lo y) am; k2 wf

1

and more particularly on the source term (the ponderomotive force). This source term contains three terms that propagate at
different velocities. The first term 65 | E[* describes the fluctuation due to the propagation of the longitudinal electronic plas-
ma waves. The second and the third terms a§(|A0\2 + |Ag[*) describe the fluctuation of density due to the propagation of the
electromagnetic laser field and the Raman backscattered wave. The key point is that in physical applications, the velocity v;
of the acoustic waves is small compared to, the group velocity v, of the laser and the group velocity v of the Raman field.
Moreover the group velocity of electronic plasma waves is also small compared to the electromagnetic waves. Therefore the
significant part is

apon — vioon = 0fo(y — vot) + 0Lfx(y — vet), 0<y<1, (4.13)
on(0,y)=0, 0<y<1, (4.14)
aon(0,y) =0, 0<y<1, (4.15)

where vy > 0, vg < 0 and v; is a small positive parameter such that vs < vy, | v |. Here, fo and f; are given functions and they
refer to the fields Ay and Ag, respectively. The exact solution of (4.13)-(4.15) reads

on(t,y) = oafo(y — vst) + Bfo(y + vst) + Pfo(y — vot) + fr(y — k), (4.16)

where «, 8, 7 and ¢ are real constant.

This explicit solution for én shows us that the perturbations of density due to the source terms aﬁfo_g(y — Vogt) propagate
more rapidly than afo(y — vst) + Bfo(y + vst). We work on a time scale for the full system for which this perturbation at veloc-
ity v; does not have the time to leave the computational domain. It is therefore sufficient to build absorbing boundary con-
ditions for the perturbations which leave the domain at velocity vy, respectively v at point y = L, respectively at point y = 0.
To ensure this, the boundary conditions for én consists in our case in the following first order boundary conditions

oon+vrdyon=0, y=0, (41

oon+vedyon=0, y=1. (4.18
In order to validate this kind of boundary condition, we use the scheme introduced by Glassey [10]. It reads

2 pp (M) <D (g, (4.19)
where the discrete operator D, D_ is defined by

(D,D_om), = Mt =20Mi My 5 N g (4.20)

oy?
The quantities én¥, on¥ are given by the following discretization of the boundary conditions (4.17) and (4.18) at each time
step k

okl Vrot Kk Vrot k
onytt = (1 + 3y )5n1 5y ony, (4.21)
onk1 = <1 - "g—jt> onk + "g—}‘jtang,l. (4.22)

1 vyt 2
For the numerical illustrations of this problem, we take v; = 0.15, vo = 0.9, vg = —0.8, for(t,y) = 0.02e*w

and §t = sy min ‘}—O,ﬁ . The initial conditions ny and n; are set to zero.

On Fig. 2, we can see the evolution of the density fluctuation with time. At the beginning of the simulation, a perturbation
due to the force fy, fr causes a sink of density. This perturbation propagates at four velocities which are vg, —vs, vs, vo. It is
obvious that the perturbations propagating at velocity vg,vo go more quickly than the others propagating at velocity
—vs,Vvs. The part of the perturbation traveling at velocity vg (vo) leaves the simulation box at point y =0 (y =1) (see

Fig. 2). The perturbations going at velocity +v; still propagate.

, N=1024

Remark 4.2. At this point, we gave some effective absorbing boundary conditions for a linear Schrodinger equation and for a
wave equation. For the linear Schrédinger equation endowed by the boundary condition (4.3), we found an estimate which
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dn(t,y)
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Fig. 2. Spatio-temporal evolution of the density fluctuation én solution of (4.13)-(4.15) endowed with the boundary conditions (4.17) and (4.18).
shows us that the energy of the solution decrease with time. Unfortunately, we are not able to give such a theoretical result

on a nonlinear version of this kind of system. Nevertheless, in the next part, we show that we can apply this kind of boundary
conditions on a Zakharov model with a satisfactory numerical accuracy.

4.3. The boundary conditions for the Zakharov system

Using the boundary conditions for the Schrodinger equation and for the wave equation, we obtain the following Zakharov
model

i(Qu+voyu) +edbu=nu, 0<y<1, (4.23)
opon —viron =i (luf’), 0<y<1, (4.24)
u(0,y) = uo(y), (4.25)
u(t,0) =0, (4.26)
ou+wvou=0, y=1, (4.27)
oon+voon=0, y=1. (4.29)

Even if we are not able to justify rigorously our set of boundary conditions for the full Zakharov system (4.23)-(4.29), the
numerically accuracy is satisfactory. Indeed, in Fig. 3, we have plotted the modulus of electric field u and the variation of
density on with respect to time. As seen on the snapshots, no visible reflexions can be seen on any of the curves. For the sim-
ulation described in Fig. 3, we have taken 6t = dy = 0.01. Of courses, these results has to be confirmed on the complete
system

For the whole system, we therefore consider the following set of boundary conditions to

0tAo +Vo0yAg =0, y=1I, ( )
0AR +VRO,AR =0, y =0, ( )
0on +voo,on =0, y=1L, (4.32)
oon+vgdyon=0, y=0. ( )
Concerning the plasma waves, since the group velocity of the electronic plasma waves is small with respect to v, and v (see
[5,6]), we use periodic boundary condition for E, that is E(0) = E(L). These boundary conditions are discretized as we de-

scribed previously using a spectral method.
The detailed numerical results are given in the next section.
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Fig. 3. Spatio-temporal evolution of | u | (t,y) (left) and on(t,y) (right) solution of (4.23) and (4.29) for e =5 - 107>,

5. Numerical results

The numerical computations are obtained with the dimensionless system (2.12)-(2.18) where the time unitis T = wio the
space unitis L = ko = % and the velocity unit is V = Ve = Wpepe.

The physical parameters that we use until the end of this section are the following ones. They are representative of the
physics that is involved [13,14].

o the velocity of light is c=3 - 10 m s,
o the thermal velocity of electrons is taken to be equal to vy = 0.1c,

- me 1
o the mass ratio is taken to be ¢ = 555,

e the sound velocity is ¢; = %fvme,

o the plasma frequency wp. =3 - 10" s71,

o the wave number of the laser field ko = 3 - 10°,
o the Debye’s length /pe = 2 = 1078 m.

Wpe

With this parameters, we compute the frequency w, thanks to the dispersion relation

2
W = 1/ W3, + ko2

The others parameters kg, ki, g and w4 are computed using the following matching conditions for the three-waves reso-
nance condition:

ko = kg + ki, @ = g+ Wpe + W1q,

where
2 1 —cos(kd
wp = \/ 02, + K2, g = < arctan (aét%),
3k2
where o = ﬁ

We will perform the computations of the solution of system (2.12)-(2.18) on the spatial domain [0, Ly] with Lk, = 250.
For the initial conditions, we consider a gaussian initial data for A, of the form

Ao(0,X) = 0.3e001(x-40)"

In the context of simulated Raman instability, a non-zero initial datum is needed on Ay in order to start the instability and we
take Ag(0,x) = 0.005A0(0, x). Furthermore, E, n and d,6n are taken equal to O at time t = 0. The initial electron distribution
function is assumed to be a Maxwellian:
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which gives the following initial condition for the Landau damping rate

3 i
500 £) — Tkpe 1 525
v(0,¢) = \/%k_B |f|3e 0.
0

The number of discretization points in space is N, = 2048 and we choose §t = Jy min (%,“}7)

We perform the simulation on the time interval [0, Tmax] With Trmax = 100.

This section is splitted in two parts. In the first one, we provide some numerical validation of the use of our set of bound-
ary conditions and of the numerical dispersion relation. In the second part, we perform a typical computation and we com-
pare our results to two previous studies in order to emphasize the novelties of our approach.

5.1. Numerical validation

For the Schrédinger part of the Zakharov type systems, the use of Neuman boundary conditions instead of absorbing ones
give rise to reflections that change deeply the results of the computations. However, it is not clear that this effect still exist
for the complete system (2.12)-(2.15). We perform two tests that show that one has to use absorbing boundary conditions
for Ao, Ag and én in order to avoid the effects of reflections. In the first test case, we use Neuman boundary conditions for Ac
and Ag and we keep the absorbing boundary conditions (4.17) and (4.18) for the fluctuation of density én. We compare the

-20 —

log(Fe)

=50 = \ | P 1 f 1 L I )

2

v
2
Fig. 4. The log of the spatially averaged electron distribution function F. as a function of kinetic energy % at initial time (solid line) and at the end of

simulation t = 100: the circle point corresponds to the Neumann boundary conditions on A, and A and the dashed line corresponds to the our boundary
conditions.

Fig. 5. The log of the spatially averaged electron distribution function as a function of the kinetic energy g at initial time (solid line) and at the end of
simulation: the circle point corresponds to the Neumann boundary condition on én and the dashed line corresponds our to the boundary conditions.
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result with that of the computation made with the whole set of absorbing boundary conditions (4.30)-(4.33). The results are
given in Fig. 4. We have plotted the log of the spatially average electron distribution F, as a function of the kinetic energy "Zl at
the initial time (solid line) and at the end of the simulation: the circle points correspond to the Neuman boundary conditions
on Ap and Ag; the dashed line corresponds to the absorbing boundary conditions (4.27). The inverse of the slop of this curve
for large values of % is the temperature of accelerated electrons. It is clear that the use of Neuman boundary conditions for Ag
and Ag overestimate this temperature.

Fig. 6. max,oy | E(t,y) | as a function of time. The crossed-line correspond to the numerical dispersion relation, and the circle line correspond to the
theoretical dispersion relation.
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Fig. 7. The log of the spatially averaged electron distribution function F, as a function of the kinetic energy, for the numerical dispersion relation (dashed
line) and for the theoretical dispersion relation (circle line).
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In the second test case, we use absorbing boundary conditions for Ay ans Az but Neuman boundary conditions for én. The
result is plotted in Fig. 5. Again, the temperature is overestimated.

It is therefore necessary to use absorbing boundary conditions.

The last point that we want to emphasize is the use of the discrete dispersion relation. We have performed two compu-
tations, the first one using the numerical dispersion relation (3.21), the second one using the continuous one (2.11). The re-
sults are given in Figs. 6 and 7. In Fig. 6, we have plotted max,cpy | E | (t,y) as a function of time for both dispersion relations.
The crossed-line correspond to the numerical dispersion relation and the circle one to the continuous one.

In the case where we used the continuous dispersion relation, the discretization of AzAse®1¥-©19 is not resonant with the
discretization of the linear part of (2.14). This means that, the amplitude of the electronic plasma waves does not reach the
necessary threshold to develop the Raman instability [14] and we stay in a linear regime where the Landau damping phe-
nomena plays no role on the saturation level of the electronic plasma waves. It is the reason for which the continuous rela-
tion does not give the right saturation level for the electronic plasma waves.

In the case where we used the discrete dispersion relation, the discretization of AzAoe’®1Y-“19 is resonant with the discret-
ization of the linear part of (2.14). So the amplitude of the electronic plasma waves reaches the threshold to start the Raman
instability and the exchange of energy between the electronic plasma waves and the electrons (Landau damping) can occurs.

On Fig. 7, we have plotted the log of the spatially average electron distribution function as a function of the kinetic energy
for both dispersion relations. The use of the continuous dispersion relation induces an underestimate of the electron heating.
It is therefore necessary to use the discrete dispersion relation.
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Fig. 8. Spatio-temporal evolution of the modulus of the normalized potentials Ay and Ag: | Ao | (t,y) (left) and Ag(t,y) (right) solutions of the full system.
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Fig. 9. Snapshots of the modulus of the electronic plasma waves E at time t = 10n for n = 1 (a), n = 10 (b) in the resonant case.
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5.2. Reference test case and comparison to previous models

We present in Figs. 8 and 9 the spatio-temporal evolution of the modulus of the fields Ay, Ag, E. As indicated before Ag
moves to the right with a positive velocity. Az moves to the left because it has a negative velocity while E is stationary.

In Fig. 10, one can compare the time evolution of the L?>-norm of the fields. For Az and E, one has a rapid growth corre-
sponding to the Raman instability followed by a saturation stage. In Fig. 7 (dashed line), we have plotted the spatially aver-
aged electron distribution function of the kinetic energy at the end of the simulation. One can observe a significant heating of
the electrons (the temperature is given by the inverse of the slop of the curve).

At the beginning of simulation, the laser field and the stimulated Raman field interact in order to create an electronic plas-
ma waves. These three fields combine in order to create a perturbation on the low-frequency density én. The laser field prop-

agates on the positive y-direction and create on its way Raman backscattered wave which propagate on the y-negative
direction. Concerning the evolution of the spatial profile of the electronic plasma wave created by the three wave resonance,
we can see that its amplitude grows with time and therefore this confirms that its velocity is small with respect to that of Az

and Ay as can be seen in its dispersion relation.

L? norm

L? norm

Fig. 11. The L* norm of | E | in function of time without Landau damping (circle line) and with Landau damping (dotted line) by using the numerical

dispersion relation.
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Fig. 12. Time evolution of the electron kinetic energy Ei(t) =1 [v?F.(t,v)dv — 1 for the full system (circle line) and for fixed Ao, Ag (solid line).

The Fig. 10 shows that there are some energy exchanges between the different fields. In a first stage, there is a transfer of
energy from the laser field to the Raman field and to the electronic plasma waves until an amplification threshold is reached.
This stage occurs before time wyt = 15.

In a second stage, the evolution becomes nonlinear and the Landau damping acts. A new plasma waves is created and a
transfer of energy between this plasma wave and the electrons take place. This lead to a creation of hot electron tail as can be
seen on the Fig. 10. The saturation level of the Raman begins to decrease.

Our model is therefore able to describe the main feature of this coupling. We now compare our result with two previous
models. The first model is the Raman instability without Landau damping [6]. The result is given in Fig. 11. The saturation
threshold for the electronic plasma waves is lower if we take into account the landau damping that allows transfers of energy
from the electronic plasma waves to the accelerated electrons.

The second model is the Landau damping ones used in [2]. It consists in fixing Ay and Az and keeping only Eq. (2.14). The
result is given in Fig. 12. We have plotted the electron energy 1 v2F.(t,v)dv — 1 as a function of time for both systems. The
Landau system of [2] overestimate the transfer of energy to the accelerated electrons.

6. Conclusion

In this paper, we have introduced a new system describing the coupling of the landau damping and the Raman amplifi-
cation. We have proposed a numerical scheme and proved its ? stability.

We have provided a set of boundary conditions and we have showed numerically that they are necessary to obtain accu-
rate results. The Raman instability relies on a three-waves interaction condition. We have introduced a numerical dispersion
relation and we have validated it.

We have compared our results with two previous models and we obtain a more reliable simulation of the main features of
this complex physical process, without using kinetic-type models.

Further development should concern a multi-D version of the Landau damping as well as the construction of intermediate
models between full Vlasov—-Maxwell and the one considered here.
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